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We give a generalization of the m-topology on C(X) and investigate the connectedness and
compactness in C(X) with this topology. Using this, it turns out that compact subsets in
Cm(X) (C(X) with the m-topology) have empty interior and an ideal in Cm(X) is connected
if and only if it is contained in every hyper-real maximal ideal of C(X). We show that the
component of 0 in Cm(X) is Cψ(X), the set of all functions in C(X) with pseudocompact
support. It is also shown that the components and the quasicomponents in Cm(X)
coincide. Topological spaces X are characterized for which Cm(X) is connected, locally
connected or totally disconnected. We observe that locally compactness, σ -compactness
and hemicompactness of Cm(X) are all equivalent to X being ﬁnite. Finally, we have shown
that if M is a maximal ideal in C(X), then C(X)/M with the m-topology is connected if
and only if M is real.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we denote by C(X) the ring of all real-valued continuous functions on a completely regular Hausdorff space
X and C∗(X) will be the subring of C(X) consisting of bounded functions. The m-topology is deﬁned on C(X) by taking
sets of the form
B( f ,u) = {g ∈ C(X): ∣∣ f (x) − g(x)∣∣< u(x), ∀x ∈ X}
as a base for a neighborhood system at f , for each f ∈ C(X), where u is a positive unit in C(X). C(X) endowed with the
m-topology is denoted by Cm(X) which is a Hausdorff topological ring. The m-topology is ﬁrst introduced in the late 40s
in [6] and later the research in this area became active over the last 20 years, for example the works in [2,5] and [8].
It is well known that the m-topology is ﬁner than uniform norm topology on C(X), see [4] and [6] for more details. As
usual, U+ stands for the set of all strictly positive units of C(X) and C+(X) will denote the set of non-negative functions
in C(X). For each f ∈ C(X), the set of zeros of f is denoted by Z( f ), clX (X \ Z( f )) is called the support of f and for
each subset S of C(X), we denote Z [S] = {Z( f ): f ∈ S}. An ideal I in C(X) is called a z-ideal if Z( f ) ⊆ Z(g) and f ∈ I ,
g ∈ C(X) imply that g ∈ I . We recall that Cψ(X) (CK (X)) is the ideal of functions in C(X) with pseudocompact (compact)
support and it is well known that Cψ(X) =⋂p∈βX\υ X Mp , where βX is the Stone–Cˇech compactiﬁcation and υ X is the real
compactiﬁcation of X , see [7]. It is also well known that f ∈ Cψ(X) if and only if X \ Z( f ) is relatively pseudocompact
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see Theorem 2.1 in [9]. For each subset A of Cm(X), the closure and the interior of A with respect to the m-topology is
denoted by clm A and intm A respectively. If I is an ideal in C(X), then θ(I) =⋂ f ∈I clβX Z( f ) and the reader is referred to
[4,6] and [10] for undeﬁned terms and notations.
In Section 2 of this paper, we give a generalization of the m-topology on C(X) and using this we deﬁne the m-topology
on C(X)/I for each z-ideal I in C(X). We observe that these spaces are topological rings and it is shown that whenever M
is a maximal ideal in C(X), then the m-topology on C(X)/M coincides with the interval topology.
Section 3 is devoted to connectedness in C(X) with the m-topology and generalized m-topology. In this section, Cψ(X)
plays an important role, in the sense that it is the component of 0 in Cm(X) and it is the quasicomponent of 0 as well. We
show in this section that an ideal I in Cm(X) is connected if and only if I ⊆ Cψ(X). This implies quickly that the prime ideals
in Cm(X) are never connected. Using this fact, we also show that Cm(X) is connected if and only if it is locally connected if
and only if X is pseudocompact. Some kinds of disconnectedness in Cm(X) are also investigated in this section. It is shown
that Cm(X) is never extremally disconnected and the space X is characterized for which Cm(X) is totally disconnected. Two
new representations are also given for Cψ(X).
In Section 4, compactness in C(X) with the m-topology and generalized m-topology is studied. The main result of this
section is Theorem 4.1 which states that every compact subset of Cm(X) has an empty interior. Several kinds of com-
pactness are investigated in Cm(X). The space Cm(X) behaves analogously to a locally compact space, in the sense that,
σ -compactness and hemicompactness of Cm(X) are equivalent and each of them is equivalent to the ﬁniteness of X . We
also give examples of Lindelöf and non-Lindelöf ideals in Cm(X) in this section and we show that the Lindelöf ideals of
Cm(X) are also contained in Cψ(X).
2. A generalization of them-topology on C(X)
For a z-ideal I in C(X), we consider
U+I =
{
u ∈ C(X): u > 0 on some zeroset in Z [I]}
and for each u ∈ U+I , we deﬁne
B I ( f ,u) =
{
g ∈ C(X): |g − f | < u on some zeroset in Z [I]}.
It is evident that the collection {B I ( f ,u): u ∈ U+I } is a base for a neighborhood system at f , for each f ∈ C(X). In fact
f ∈ B I ( f ,u), for all u ∈ U+I , B I ( f ,u ∧ v) ⊆ B I ( f ,u) ∩ B I ( f , v) for all u, v ∈ U+I (note that if u, v ∈ U+I , then u ∧ v ∈ U+I )
and ﬁnally for u ∈ U+I , whenever g ∈ B I ( f ,u), then B I (g, v) ⊆ B I ( f ,u), where v = u − | f − g| ∈ U+I . We call the topology
generated by this base, mI -topology and C(X) endowed with this topology denotes by CmI (X). If I = (0), then mI -topology
on C(X) coincides with the m-topology and the following proposition shows that the m-topology is ﬁner than the mI -
topology on C(X) for each z-ideal I in C(X).
Proposition 2.1. If J ⊆ I are z-ideals, then the m J -topology is ﬁner than the mI -topology on C(X).
Proof. Given B I ( f ,u), where f ∈ C(X) and u ∈ U+I , there exists i ∈ I such that u is positive on Z(i). Hence |i| + |u| ∈ U+
and B J ( f , |i|+ |u|) ⊆ B I ( f ,u). In fact if g ∈ B J ( f , |i|+ |u|), then |g− f | < |i|+ |u| on some Z ∈ Z [ J ] and therefore |g− f | <
|u| = u on Z(i) ∩ Z ∈ Z [I], i.e., g ∈ B I ( f ,u). 
Now, let I be a z-ideal in C(X) and for each f ∈ C(X) and u ∈ U+I , deﬁne
B
(
I( f ), I(u)
)= I + B I ( f ,u) =
{
I(g) ∈ C(X)/I: g ∈ B I ( f ,u)
}
.
Then it is clear that the collection {B(I( f ), I(u)): u ∈ U+I } is a base for a neighborhood system at I( f ) in C(X)/I . We call
the topology generated by this base, the m-topology on C(X)/I .
Using the usual order on C(X)/I , i.e.,
I( f ) 0 if and only if there exists 0 h ∈ C(X) such that f ≡ h(mod I)
and 5.4(b) in [4], the following lemma is evident.
Lemma 2.2. (a) If I is a z-ideal in C(X), f ∈ C(X) and u ∈ U+I , then
{
I(g):
∣∣I(g) − I( f )∣∣< I(u)}⊆ B(I( f ), I(u)).
(b) If M is a maximal ideal in C(X), f ∈ C(X) and u ∈ U+M, then
{
M(g):
∣∣M(g) − M( f )∣∣< M(u)}= B(M( f ),M(u)).
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Proposition 2.3. If M is a maximal ideal in C(X), then the m-topology on C(X)/M coincides with the interval topology.
Proof. Let M(u) > 0 and M(g) ∈ B(M( f ),M(u)), then by Lemma 2.2, we have |M(g) − M( f )| < M(u), so M(g) ∈ (M( f ) −
M(u),M( f ) + M(u)) ⊆ B(M( f ),M(u)). Conversely suppose that M(h) ∈ (M( f ),M(g)). Hence M(h − f ) > 0 and M(g −
h) > 0. Without loss of generality, let M(h − f ) M(g − h) > 0 and take u = g − h. Clearly u ∈ U+M by 5.4(b) in [4] and we
have B(M(h),M(u)) ⊆ (M( f ),M(g)), by Lemma 2.2. 
We need the following results in the sequel.
Proposition 2.4. If I is a z-ideal in C(X), then the following statements hold:
(a) The set U+I is open in CmI (X).
(b) A = { f ∈ C(X): f is bounded on some zeroset in Z [I]} is an open-closed set in CmI (X). In particular, C∗(X) is open-closed in
Cm(X).
(c) C(X)/I with the m-topology and CmI (X) are topological rings.
(d) The closure of an ideal in CmI (X) is an ideal or all of C(X) and whenever I ⊆ J 	= C(X), then clmI J is a proper ideal.
Proof. (a) For u ∈ U+I , we have B I (u, u2 ) ⊆ U+I .
(b) If f ∈ A, then B I ( f ,1) ⊆ A and if u ∈ U+I and B I ( f ,u) ∩ A 	= ∅, then for some g ∈ A, we have |g − f | < u on some
Z ∈ Z [I]. But | f | is bounded on some zeroset Z ′ ∈ Z [I], then |g| < | f |+u on Z implies that |g| is bounded on Z ∩ Z ′ ∈ Z [I],
i.e., g ∈ A.
(c) Evident.
(d) The proof of the ﬁrst part is clear by (c). For the second part, since U+I is open by part (a) and U
+
I ∩ J = ∅ (if
u ∈ U+I ∩ J , then u is positive on some Z(i) ∈ Z [I] and hence u2 + |i| ∈ J for I ⊆ J . But u2 + |i| is a unit which contradicts
J 	= C(X)), clmI J is a proper ideal. 
3. Connectedness
In this section, we are going to characterize the component of 0 in CmI (X) for each z-ideal I of C(X) and in particular
in Cm(X). Let
Iψ(X) =
{
f ∈ C(X): ∀g ∈ C(X), f g is bounded on some Z ∈ Z [I]}.
It is not hard to show that Iψ(X) is an ideal containing both I and Cψ(X). Whenever I ⊆ J are two z-ideals in C(X), then
Iψ(X) ⊆ Jψ(X) and if I = (0), then Iψ(X) = Cψ(X). For a characterization of the component of 0, we need the following
lemma.
Lemma 3.1. If f ∈ Iψ(X), then the function ϕ f :R→ CmI (X) deﬁned by ϕ f (r) = r f , ∀r ∈R is continuous.
Proof. Consider B I (r f ,u) as a member of base at r f , where u ∈ U+I . Hence there exists Z(i) ∈ Z [I] such that u is positive
on Z(i). Thus g = |u| + |i| is unit, so 1g ∈ C(X). But f ∈ Iψ(X) implies that there exists Z( j) ∈ Z [I] such that fg is bounded
on Z( j). Suppose | fg | < M on Z( j) and take the interval (r− 1M , r+ 1M ), i.e., the set {s ∈R: |r− s| < 1M }. Now on Z(i)∩ Z( j),
we have |r − s|| f | = |r − s|| f | 1|g| |g| < |g| = u. This means that ϕ f (s) ∈ B I (r f ,u), i.e., ϕ f is continuous. 
In the following theorem and corollary, the components of Cm(X), CmI (X) and C(X)/I with the m-topology are charac-
terized.
Theorem 3.2. Iψ(X) is the component of 0 in CmI (X).
Proof. Using Lemma 3.1, ϕ f (R) is connected for all f ∈ Iψ(X). But each ϕ f (R) contains 0, so Iψ(X) = ⋃ f ∈Iψ (X) ϕ f (R) is
connected. Now suppose that J ⊆ C(X) is a connected ideal containing Iψ(X) properly and let f ∈ J \ Iψ(X). Thus there
exists g ∈ C(X) such that f g /∈ A, where A is the set deﬁned in part (b) of Proposition 2.4. But A is an open-closed set
containing 0 and f g ∈ J \ A, so J is not connected, a contradiction. This shows that Iψ(X) is the largest connected ideal
containing 0 and the proof is complete. 
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Corollary 3.3. (a) The component of 0 in Cm(X) is Cψ(X).
(b) The component of 0 in the space C(X)/I with the m-topology is Iψ(X)/I .
Now we are going to characterize the connectedness of CmI (X) in terms of the z-ideal I . As in [9], we deﬁne a family
F of subsets of a space X to be stable if every function f ∈ C(X) is bounded on some member of F . By 5.7 in [4], Z [M],
where M is a real maximal ideal in C(X) is an example of a stable set. First we need the following proposition.
Proposition 3.4. Suppose that I is a z-ideal and M is a maximal ideal in C(X).
(a) Z [I] is a stable set if and only if Iψ(X) = C(X).
(b) Z [M] is a stable set if and only if M is real.
(c) If M is hyper-real, then Mψ(X) = M.
Proof. The proof of part (a) is straightforward. Part (b) follows from 5.7 in [4] and part (c) follows from (a) and (b). In fact
we have always M ⊆ Mψ(X) and by part (a), Mψ(X) is a proper ideal, so Mψ(X) = M for M is a maximal ideal. 
Now the following results are corollaries of Propositions 2.3, 3.4 and Corollary 3.3.
Corollary 3.5. CmI (X) is connected if and only if Z [I] is a stable set.
Corollary 3.6. If M is a maximal ideal in C(X), then C(X)/M with the m-topology is connected if and only if M is real.
Hereafter we investigate the connectedness in Cm(X). For a sequence {xn} in X , we denote by U {xn} , the set of all units
in C(X) such that u(xn) → 0. First we need the following lemma which gives several open-closed subsets of Cm(X) and will
be extremely useful through this part of the section.
Lemma 3.7. The following statements hold:
(a) For each g ∈ C(X), the set Ag = { f ∈ C(X): f g ∈ C∗(X)} is an open-closed subset of Cm(X).
(b) If {xn} is a sequence in X, then the set A{xn} = { f ∈ C(X): | f | < u for some u ∈ U {xn}} is an open-closed subset of Cm(X).
Proof. Let f ∈ Ag and take u = 11+|g| . If h ∈ B( f ,u), then |h| < | f | + u implies that |hg| < | f g| + |g|1+|g| , i.e., hg ∈ C∗(X)
and therefore B( f ,u) ⊆ Ag . If h is a cluster point of Ag , then there exists f ∈ B(h, 11+|g| ) ∩ Ag and hence |h| < | f | + 11+|g| .
This implies that hg ∈ C∗(X) as before and this proves part (a). To prove part (b), let f ∈ A{xn} and take v ∈ U {xn} . Clearly
B( f , v) ⊆ A{xn} . In fact h ∈ B( f , v) implies that |h| < | f | + v < u + v for some u ∈ U {xn} . Since u + v ∈ U {xn} , we are through.
It is easy to see that A{xn} contains its cluster points. 
The following theorem characterizes connected ideals in Cm(X). First let us deﬁne an ideal I in C(X) to be bounded if
every element in I is bounded. We note that CK (X) and Cψ(X) are examples of bounded ideals in C(X).
Theorem 3.8. Let I be an ideal in C(X). The following statements are equivalent:
(a) I is connected in Cm(X).
(b) I is bounded.
(c) I ⊆ Cψ(X).
Proof. (a) ⇒ (b). Suppose that there exists f ∈ I which is unbounded. By Corollary 1.20 in [4], X \ Z( f ) contains a copy of N,
say D = {x1, x2, . . . , xn, . . .} = {xn}, C-embedded in X on which f approaches inﬁnity. Now if we consider the open-closed
set A{xn} , then 0 ∈ A{xn} ∩ I and f ∈ I \ A{xn} for f (xn) → ∞, i.e., I is disconnected, a contradiction.
(b) ⇒ (c). Let f ∈ I , but f /∈ Cψ(X). Hence X \ Z( f ) is not (relatively) pseudocompact, thus there are a sequence {xn} in
X \ Z( f ) which is a copy of N, C-embedded in X and h ∈ C(X) such that h(xn) → ∞. Since {xn} is C-embedded in X , there
exists k ∈ C(X) such that k(xn) = 1f (xn) . Now kf h ∈ I and (kf h)(xn) = h(xn) → ∞ which contradicts the boundedness of I .
(c) ⇒ (a). Let f ∈ I ⊆ Cψ(X), then ϕ f is continuous by Lemma 3.1. Now ϕ f (R) = {r f : r ∈ R} is connected for all f ∈ I
and hence I =⋃ f ∈I ϕ f (R) is also connected, for 0 ∈
⋂
f ∈I ϕ f (R), see Theorem 26.7 in [11]. 
The following corollaries are now easy consequences of Theorem 3.8. Note that Cψ(X) is the intersection of all hyper-real
maximal ideals of C(X) and whenever X is not pseudocompact, then |βX \ υ X | 2c , see 9D in [4].
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(b) If X is not pseudocompact, then an ideal of C(X) is connected in Cm(X) if and only if it is contained in every hyper-real maximal
ideal of C(X).
(c) If X is not pseudocompact and I is an ideal in C(X) with |θ(I)| < 2c , then I is disconnected. In particular, whenever X is not
pseudocompact, then the prime ideals of C(X) are disconnected.
The following corollary gives two new representations of Cψ(X).
Corollary 3.10. (a) Cψ(X) is the largest bounded ideal in C(X).
(b) Cψ(X) = { f ∈ C(X): ϕ f is continuous}, where ϕ f : R→ Cm(X) is deﬁned by ϕ f (r) = r f , ∀r ∈R.
By Corollary 3.3, we can prove the converse of Lemma 3.1, when I = (0).
Proposition 3.11. For f ∈ C(X), f ∈ Cψ(X) if and only if the function ϕ f :R→ Cm(X) deﬁned by ϕ f (r) = r f , ∀r ∈R is continuous.
Proof. Whenever f ∈ C(X) and ϕ f is continuous, then ϕ f ([0,1]) is connected subset of Cm(X) containing 0 and f . Since
Cψ(X) is the largest connected set in Cm(X) containing 0, ϕ f ([0,1]) ⊆ Cψ(X), which implies that f ∈ Cψ(X). 
As an another consequence of Theorem 3.8, we characterize the space X for which Cm(X) is connected or locally con-
nected.
Proposition 3.12. The following statements are equivalent:
(a) Cm(X) is connected.
(b) Cm(X) is locally connected.
(c) C∗(X) is a connected subspace of Cm(X).
(d) X is pseudocompact.
Proof. Let X be pseudocompact, then the zero ideal is stable and hence Cm(X) = C∗(X) are connected by Corollary 3.5.
Cm(X) is also locally connected. To see this it is enough to show that B(0, ) is connected for all  > 0. By Lemma 3.1,
ϕ f :R → Cm(X) = C∗(X) is continuous, ∀ f ∈ C∗(X) = Cψ(X). So ϕ f ([−1,1]) is connected, ∀ f ∈ C∗(X). But B(0, ) =⋃
| f |< ϕ f ([−1,1]) implies that B(0, ) is connected, since
⋂
| f |< ϕ f ([−1,1]) 	= ∅.
If X is not pseudocompact, then clearly Cm(X) is disconnected for C∗(X) is a nontrivial open-closed subset of Cm(X).
Every open set in Cm(X) containing 0 is also disconnected. In fact if G is an open connected subset of Cm(X) contain-
ing 0, then G ⊆ Cψ(X) for Cψ(X) is the largest connected set containing 0. Now there exists a positive unit u such that
B(0,u) ⊆ G . If we take f /∈ Cψ(X), then f1+| f |u ∈ B(0,u) ⊆ G , but f1+| f |u /∈ Cψ(X), for otherwise f = f1+| f |u 1+| f |u ∈ Cψ(X),
a contradiction. Finally, by Corollary 3.3, C∗(X) is also a disconnected subset of Cm(X) for C∗(X) Cψ(X). 
Remark 3.13. By Proposition 3.12 above, whenever X is not pseudocompact, then C∗(X) is disconnected, however C∗(X) is
isomorphic to C(βX) and Cm(βX) is connected. But it is to be noted that, in this case, C∗(X) is disconnected as a subspace
with the relative m-topology which is coincides with Cm(βX) if and only if X is pseudocompact, see 2N in [4]. Along the
same line, the behavior of the set of real numbers R is the same as C∗(X) as a subspace of Cm(X). If X is pseudocompact,
then R is the same as Euclidean line in Cm(X), thus it is connected. But if X is not pseudocompact then R is not only
disconnected, but it is a discrete subspace of Cm(X). In fact, in this case, there exists an unbounded unit u in C(X) and
B(r, 1u ) ∩R= {r}, ∀r ∈R which means that R is a discrete subspace of Cm(X).
By Proposition 3.12, whenever X is not pseudocompact, then Cm(X) is disconnected. Now it is natural to ask when is
Cm(X) extremally disconnected or when is it totally disconnected? We recall that a topological space X is totally discon-
nected if the components in X are the points and X is extremally disconnected if every open set in X has an open closure.
The space Cm(X) is never extremally disconnected. To see this, it is enough to consider the open set U+ (U+ is open by
Proposition 2.4). First clm U+ = C+(X). If f ∈ C+(X) and u is a positive unit, then f + u2 ∈ B( f ,u)∩U+ , i.e., C+(X) ⊆ clm U+ .
On the other hand if g ∈ C(X) and g(x0) < 0 for some x0 ∈ X , by taking the constant positive unit r0 = 12 |g(x0)|, we have
B(g, r0) ∩ U+ = ∅ (if u ∈ B(g, r0) ∩ U+ , then r0 > |g(x0) − u(x0)| |g(x0)| = 2r0 > r0), i.e., clm U+ ⊆ C+(X). Next C+(X) is
not open, for if f ∈ C+(X), Z( f ) 	= ∅ and u is a positive unit, then f − u2 ∈ B( f ,u), but f − u2 /∈ C+(X). In fact for x ∈ Z( f ),
we have f (x) − u(x)2 < 0. Therefore Cm(X) is never extremally disconnected. The following proposition also settles our next
question.
F. Azarpanah et al. / Topology and its Applications 159 (2012) 3486–3493 3491Proposition 3.14. The following statements are equivalent:
(a) Cm(X) is totally disconnected.
(b) Cψ(X) = (0).
(c) Every nonempty open set in X is unbounded.
(d) Every nonzero ideal in Cm(X) is disconnected.
(e) βX \ υ X is dense in βX.
(f) Cm(X) contains a totally disconnected nonzero ideal.
Proof. The equivalence of parts (b) and (d) is evident by Theorem 3.8. Parts (b) and (e) are also equivalent by the formula
Cψ(X) = MβX\υ X . Whenever (a) holds, then clearly Cψ(X) = (0), since Cψ(X) is the component of 0 by Corollary 3.3. If
Cψ(X) = (0), then the component of each f ∈ Cm(X) is { f + Cψ(X)} = { f }, i.e., Cm(X) is totally disconnected and hence
parts (a) and (b) are also equivalent. Part (a) evidently implies part (f), for the subspaces of a totally disconnected space
are totally disconnected. To complete the proof, it remains to show that (b) is equivalent with (c) and (f) implies (b). First
suppose that Cψ(X) = (0) and G is a nonempty open set. Then G contains a nonempty cozeroset, say X \ Z( f ), for some
f ∈ C(X). Hence f /∈ Cψ(X), so X \ Z( f ) is unbounded, whence G is unbounded as well. Next suppose that (c) holds,
then for every 0 	= f ∈ C(X), X \ Z( f ) is unbounded, i.e., f /∈ Cψ(X). This means that Cψ(X) = (0). Finally suppose that
I is a totally disconnected nonzero ideal in Cm(X). For each f ∈ I ∩ Cψ(X), the function ϕ f :R → I deﬁned by ϕ f (r) =
r f , ∀r ∈ R is continuous by Lemma 3.1. Since ϕ f (R) is connected, I ∩ Cψ(X) = ⋃ f ∈I∩Cψ (X) ϕ f (R) is also connected, for⋂
f ∈I∩Cψ (X) ϕ f (R) 	= ∅. But I is totally disconnected, hence I ∩ Cψ(X) should be the singleton {0}. On the other hand if
Cψ(X) 	= (0), then it is an essential ideal by Proposition 2.1 in [1] and we must have I ∩ Cψ(X) 	= (0), a contradiction. Thus
Cψ(X) = (0) which is exactly what we need to show. 
Finally we show that the components and quasicomponents in Cm(X) coincide. We recall that the quasicomponent of a
point x in a space X is the intersection of all open-closed subsets of X which contain x. It is well known that the component
of a point x is contained in the quasicomponent of x, see 26B in [11].
Proposition 3.15. The quasicomponent of 0 in Cm(X) is Cψ(X).
Proof. Let K be the quasicomponent of 0. Since by Lemma 3.7, Ag is open-closed set, ∀g ∈ C(X), we have Cψ(X) ⊆ K ⊆⋂
g∈C(X) Ag . We observe that I =
⋂
g∈C(X) Ag is an ideal in C(X). If f ,h ∈ I , clearly f +h ∈ I and if f ∈ I and h ∈ C(X), then
for each g ∈ C(X), we have f ∈ Agh which implies that f h ∈ Ag , i.e., f h ∈ I . On the other hand, I is bounded for if f ∈ I ,
then f ∈ A f whence f 2 ∈ C∗(X). Now by our Theorem 3.8, Cψ(X) ⊆ K ⊆ I ⊆ Cψ(X). 
4. Compactness
For the study of compactness in CmI (X) and in particular in Cm(X), we begin with the following theorem which is the
main theorem of this section.
Theorem 4.1. Let I be a z-ideal in C(X) and
⋂
Z [I] = ⋂ f ∈I Z( f ) be an inﬁnite set. Then every compact subset of CmI (X) has an
empty interior.
Proof. Let F ⊆ CmI (X) be compact and f ∈ intmI F . Then there exists u ∈ U+I such that B I ( f ,u) ⊆ F . Note that
u ∈ U+I implies that u is positive on some zeroset Z0 ∈ Z [I]. Since F is compact, there exist g1, g2, . . . , gn ∈ F such
that F ⊆ ⋃ni=1 B I (gi, u4 ). Now produce a ﬁnite set {x1, x2, . . . , xn, xn+1} ⊆
⋂
Z [I] with distinct elements. Since xi /∈
{x1, x2, . . . , xi−1, xi+1, . . . , xn+1}, for all i = 1,2, . . . ,n + 1, there exists ti ∈ C(X) such that |ti(x)|  u(x)2 , ∀x ∈ Z0, ti(xi) =
1
2u(xi) and ti(x j) = 0, for all j 	= i. Now put hi = f + ti for i = 1,2, . . . ,n + 1, clearly hi ∈ B I ( f ,u) ⊆ F , i = 1,2, . . . ,n + 1.
This means that for some 1 s  n, B I (gs, u4 ) contains at least two of hi ’s. Let, for i 	= j, we have hi,h j ∈ B I (gs, u4 ). Hence
on some Z1 ∈ Z [I], we have |hi − gs| < u4 and |h j − gs| < u4 which imply that |ti − t j | = |hi − h j | < 12u on Z1 and there-
fore 12 |u(xi)| = |ti(xi) − t j(xi)| < 12u(xi) which is impossible (note that xi ∈
⋂
Z [I] ⊆ Z0 ∩ Z1, ∀i = 1,2, . . . ,n + 1). Therefore
intmI F = ∅. 
Corollary 4.2. If X is not ﬁnite, then every compact subset of Cm(X) has an empty interior.
Proposition 2.8 in [5] shows that whenever Cm(X) is locally compact, then X should be pseudocompact. Here the fol-
lowing result exactly determines the space X for which Cm(X) is locally compact (σ -compact). First, we recall that a space
X is σ -compact if X can be written as the union of countably many compact subsets. A space X is said to be hemicompact
if there is a sequence K1, K2, . . . , Kn, . . . of compact subsets of X such that if K is any compact subset of X , then K ⊆ Kn
for some n ∈N.
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(a) Cm(X) is locally compact.
(b) Cm(X) is σ -compact.
(c) Cm(X) is hemicompact.
(d) X is ﬁnite.
Proof. Whenever X is ﬁnite, then Cm(X) ∼= Rn for some n ∈ N and hence Cm(X) is locally compact σ -compact, so it is
also hemicompact (a locally compact space is σ -compact if and only if it is hemicompact, see 3.8.C in [3]). If Cm(X) is
locally compact, then X is ﬁnite by Corollary 4.2. To complete the proof, it remains to show that (b) implies (d), since
in case Cm(X) is hemicompact, then it is σ -compact, see 3.8.C in [3]. Now suppose that Cm(X) is σ -compact, then it
is Lindelöf. But by Theorem 2.9 and Corollary 2.5 in [8], Cm(X) is a complete metric space and hence every countable
intersection of dense open sets is nonempty, by Baire category theorem (Theorem 16.25 in [4]). Since Cm(X) is σ -compact,
then Cm(X) = ⋃∞n=1 Fn , where each Fn is compact. Now by Corollary 4.2, intm Fn = ∅, i.e., Cm(X) \ Fn is dense and open,∀n ∈N. But ⋂∞n=1 Cm(X) \ Fn = ∅, a contradiction. This shows that (b) implies (d). 
Clearly the converse of Corollary 4.2 is true, but the subsets (even closed subsets) of Cm(X) with empty interiors are
not necessarily compact. In the following example we show that nonzero ideals of Cm(X) are never compact, whereas the
interiors of ideals in Cm(X) are empty. We also show in this example that there is an ideal in Cm(N) which is not even
Lindelöf.
Example 4.4. If I is an ideal in Cm(X), then intm I = ∅. In fact if f ∈ intm I , then there exists a positive unit u such that
B( f ,u) ⊆ I . This implies that f + u2 ∈ I , whence u ∈ I , a contradiction. Now suppose that I is compact, hence there ex-
ist f1, f2, . . . , fn ∈ I such that I ⊆ ⋃ni=1 B( f i,u), for I ⊆
⋃
f ∈I B( f ,u). Let x0 /∈
⋂
f ∈I Z( f ) and take α = sup{| f1(x0)| +
u(x0), . . . , | fn(x0)| + u(x0)}. We can ﬁnd f ∈ I such that f (x0) = α (if g ∈ I , then f = α gg(x0) ∈ I and f (x0) = α). So
f ∈ B( fk,u) for some 1 k n. This implies that | f | < | fk| + u, thus α = | f (x0)| < | fk(x0)| + u(x0), a contradiction.
Ideals in Cm(X) may not be even Lindelöf. To see this, consider the maximal ideal M1 = { f ∈ C(N): f (1) = 0} in C(N).
If M1 is Lindelöf, then there exists a sequence { fn} in M1 such that M1 ⊆⋃∞n=1 B( fn,u), where u is any positive unit. Now
deﬁne f ∈ C(N), by f (1) = 0 and f (n) = | fn−1(n)| + u(n) for n > 1. So for some m ∈N, we should have f ∈ B( fm,u). Hence
| f | < | fm| + u implies that | f (m+ 1)| < | fm(m+ 1)| + u(m+ 1). Now by deﬁnition of f , we have | fm(m+ 1)| + u(m+ 1) <
| fm(m + 1)| + u(m + 1), a contradiction.
Motivated by what we have shown in Example 4.4, we obtain a large class of ideals in Cm(X) which are not Lindelöf.
Proposition 4.5. If I is a Lindelöf ideal in C(X), then I ⊆ Cψ(X).
Proof. Suppose that I  Cψ(X). To prove that I is not Lindelöf, it suﬃces to show that each open cover of I is uncountable.
We suppose I ⊆ ⋃∞n=1 B( fn,un), where fn ∈ C(X) and un is a positive unit, for all n ∈ N and get a contradiction. Since
I  Cψ(X), there exists an unbounded function f ∈ I . Now by Corollary 1.20 in [4], there is a sequence {xn} on which f
is unbounded and {xn} is C-embedded in X . Without loss of generality, we suppose that | f (xn)|  1, ∀n ∈ N ( f (xn) → ∞
implies that | f (xn)|  1, ∀n  M for some M). As {xn} is C-embedded, there exists g ∈ C(X) such that g(xn) = | fn(xn)| +
un(xn). Now f g ∈ I ⊆⋃∞n=1 B( fn,un) implies that f g ∈ B( fm,um) for some m ∈N. So | f g| | fm|+um and hence | fm(xm)|+
um(xm) = |g(xm)| | f (xm)g(xm)| < | fm(xm)| + um(xm), a contradiction. 
Corollary 4.6. If every ideal of Cm(X) is Lindelöf, then X is pseudocompact.
Ideals contained in Cm(X) may be Lindelöf. We conclude this section by an example of a Lindelöf ideal in Cm(N).
Example 4.7. We show that Cψ(N) is Lindelöf in Cm(N). First we show that the minimal ideals mn = { f ∈ C(N): N \
{n} ⊆ Z( f )}, n ∈ N are Lindelöf. To see this we consider the function ϕ f :R → Cm(X), where f ∈ mn is a characteristic
function with f (n) = 1 and f (k) = 0, ∀k 	= n. Clearly ϕ f (R) =mn and since ϕ f is continuous (note that f ∈mn ⊆ Cψ(N)) by
Proposition 3.11, mn is Lindelöf for R is. Now pick a ﬁnite subset {n1, . . . ,nk} of N, f i ∈mni with f i(ni) = 1, f i(N \ {ni}) =
{0} and deﬁne ϕ :Rk → Cm(X) by ϕ(r1, . . . , rk) = r1 f1 + · · · + rk fk . It is not hard to see that ϕ is continuous (for each
neighborhood B(r1 f1 + · · · + rk fk,u) consider the ball B((r1, . . . , rk), δ), where δ = min{u(n1), . . . ,u(nk)}). ϕ(Rk) = mn1 +· · ·+mnk implies that mn1 + · · ·+mnk is Lindelöf. But for each f ∈ Cψ(N), there exists a ﬁnite set F = {n1, . . . ,nk} in N such
that N \ F ⊆ Z( f ), i.e., f ∈mn1 + · · · +mnk = MF . This yields Cψ(N) =
⋃
F MF , where F runs through over all ﬁnite subset
of N. Thus Cψ(N) is a countable union of Lindelöf sets, so Cψ(N) is Lindelöf.
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